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® Preliminaries
- Topos-theoretic background
- Toposes as ‘bridges’
- Functors inducing morphisms of toposes

¢ New foundations for relative topos theory
(j.w. with Riccardo Zanfa)
- Relative presheaf toposes
® Stacks and operations on them
® The fundamental adjunction
® The general presheaf-bundle adjunction
® Some applications
- Relative sheaf toposes

Future directions

Relative Diaconescu’s equivalence (j.w. with Léo Bartoli)
Existential fibred sites and their associated toposes
Towards relative geometric logic (j.w. with Raffaele Lamagna)
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Relativity techniques

Olivia Caramello

¢ Broadly speaking, in Mathematics the relativization method
consists in trying to state notions and results in terms of
morphisms, rather than objects, of a given category, so that
they can be ‘relativized’ to an arbitrary base object.

¢ One works in the new, relative universe as it were the
‘classical’ one, and then interprets the obtained results from
the point of view of the original universe. This process is
usually called externalization.

¢ Relativity techniques can be thought as general ‘change of
base techniques’, allowing one to choose the universe
relatively to which one works according to one’s needs.

¢ The relativity method has been pionneered by Grothendieck,
in particular for schemes, in his categorical refoundation of
Algebraic Geometry, and has played a key role in his work.

e We aim for a similar set of tools for toposes, that is, for an
efficient formalism for doing topos theory over an arbitrary
base topos.
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Motivation

Potential for applications

The relativity method provides an extremely high degree of
technical flexibility, resulting from the possibility of
‘encapsulating’ part of the complexity of a situation in the
base topos, so that the given notions acquire a simpler (e.qg.
a lower-degree) expression with respect to it.

For example, a first-order theory becomes a propositional
one when regarded relative to a suitable base topos.
Several mathematicians have already started using relativity
techniques for toposes:

- Scholze and Clausen’s condensed mathematics;

- Tao and Jamneshan’s topos-theoretic measure theory;

- Tomasic’s topos-theoretic difference algebra.
It is therefore of fundamental importance to dispose of
effective tools for working with relative toposes which are as

general and flexible as possible, also from the computational
point of view.
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Motivation

Topos theory over an arbitrary base topos

Our new foundations for relative topos theory are based on stacks
(and, more generally, fibrations and indexed categories).

The approach of category theorists (Lawvere, Diaconescu,
Johnstone, etc.) to this subject is chiefly based on the notions of
internal category and of internal site.

The problem with these notions is that they are too rigid to
naturally capture relative topos-theoretic phenomena, as well as
for making computations and formalizing ‘parametric reasoning’.

We have thus decided to resort to the more general and

technically flexible notion of stack, developing the point of view
originally introduced by J. Giraud in his paper Classifying topos.
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Topos-theoretic
background

The fundamental

Grothendieck topologies

Definition
Given a category C and an object ¢ € Ob(C), a sieve SinCon cis
a collection of arrows in C with codomain ¢ such that

feS=fogesS
whenever this composition makes sense.
If Sis asieve on cand h: d — cis any arrow to c, then
h*(S) = {g | cod(g) = d, hog < S}

is a sieve on d.
Definition
A Grothendieck topology on a category C is a function J which
assigns to each object ¢ of C a collection J(c) of sieves on cin
such a way that
(i) (maximality axiom) the maximal sieve M; = {f | cod(f) = c} is
in J(c);
(i) (stability axiom) if S € J(c), then f*(S) € J(d) for any arrow
f:d—c;
(iii) (transitivity axiom) if S € J(c) and R is any sieve on ¢ such
that f*(R) € J(d) forall f: d — cin S, then R € J(c).
The sieves S which belong to J(c) for some object ¢ of C are said
to be J-covering.
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Topos-theoretic
background

Examples of Grothendieck topologies

For any (small) category C, the trivial topology on C is the
Grothendieck topology in which the only sieve covering an
object c is the maximal sieve M.

If X is a topological space, the usual notion of covering in
Topology gives rise to the following Grothendieck topology
Jo(x) on the poset category O(X): for a sieve

S={U — Uliel}onUe O0bO(X)),

S € Jop(U) ifand only if L u—u
1

The Zariski topology on the opposite of the category Rng; , of
finitely generated commutative rings with unit is defined by: for
any cosieve S in Rng;, on an object A, S € Z(A) if and only if
S contains a finite family {&:A— A; | 1 <i< n}of canonical
maps & : A— A; in Rngf_g. where {fi,...,f;} is a set of
elements of A which is not contained in any proper ideal of A.

Given a (first-order geometric) theory T, one can naturally
associate a site (Cr, Jr) with it, called its syntactic site, which

embodies essential aspects of the syntax and proof theory of T.
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Topos-theoretic
background
Opose bridge:

Sites and presheaves

Definition
® A site (resp. small site) is a pair (C, J) where C is a category
(resp. a small category) and J is a Grothendieck topology on C.

* Asite (C,J) is said to be small-generated if C is locally small and
has a small J-dense subcategory.

Definition
* A presheaf on a (small) category C is a functor P : C°° — Set.
e Let P:(C% — Set be a presheaf on C and S be a sieve on an
object c of C.

A matching family for S of elements of P is a function which
assigns to each arrow f: d — cin S an element x; € P(d) in
such a way that

P(9)(xr) = X1og forallg:e—d.

An amalgamation for such a family is a single element x € P(c)
such that
P(f)(x)=x; forallfin§S.
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Topos-theoretic
background

Sheaves on a site

e Given a site (C, J), a presheaf on C is a J-sheaf if every
matching family for any J-covering sieve on any object of C
has a unique amalgamation.

® The J-sheaf condition can be expressed as the requirement
that for every J-covering sieve S the canonical arrow

P(c) — [ [ P(dom(f))
fes

given by x — (P(f)(x) | f € S) should be the equalizer of the
two arrows

[[P(om(f)) — J] P(dom(g))
feS fg,fe S
cod(g)=dom(f)

given by (Xr — (xrog)) and (xr — (P(9)(x1)))-

The category Sh(C, J) of sheaves on the site (C, J) is the full
subcategory of [C°P, Set] on the presheaves which are J-sheaves.
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Topos-theoretic
background

The notion of Grothendieck topos

Definition

A Grothendieck topos is any category equivalent to the category
of sheaves on a site.

The following examples show that toposes can be naturally
attached to mathematical notions as different as (small)
categories, topological spaces, or groups:

Examples

e For any (small) category C, [C°P, Set] is the category of
sheaves Sh(C, T) where T is the trivial topology on C.

* For any topological space X, Sh(O(X), Jo(x)) is equivalent to
the usual category Sh(X) of sheaves on X.

e For any (topological) group G, the category BG = Cont(G) of
continuous actions of G on discrete sets is a Grothendieck
topos (equivalent to the category Sh(Cont:(G), Jat) of
sheaves on the full subcategory Cont;(G) on the non-empty
transitive actions with respect to the atomic topology).
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Topos-theoretic
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Basic properties of Grothendieck toposes

Grothendieck toposes satisfy all the categorical properties that one
might hope for:

Theorem
Let(C,J) be a (small-generated) site. Then

e the inclusion Sh(C, J) — [C°P, Set| has a left adjoint
a: [C° Set] — Sh(C, J) (called the associated sheaf functor),
which preserves finite limits.

e The category Sh(C, J) has all (small) limits, which are preserved
by the inclusion functor Sh(C, J) — [C°P, Set|; in particular, limits
are computed pointwise and the terminal object 1gn(c, ) of
Sh(C,J) is the functor T : C°° — Set sending each object
¢ € Ob(C) to the singleton {x}.

e The associated sheaf functor a : [C°°, Set] — Sh(C, J) preserves
colimits; in particular, Sh(C, J) has all (small) colimits.

e The category Sh(C, J) has exponentials, which are constructed
as in the topos [C°P, Set].

e The category Sh(C, J) has a subobject classifier.

e The category Sh(C, J) has a separating set of objects (for
instance, the one provided by the objects of the form I(c) for
¢ € C, where | is the canonical functor C — Sh(C, J)).
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Geometric morphisms

The natural, topologically motivated, notion of morphism of
Grothendieck toposes is that of geometric morphism:

Definition
(i) Let £ and F be toposes. A geometric morphism f: & — F
consists of a pair of functors f, : £ — F (the direct image of f)

and f* : F — £ (the inverse image of f) together with an
adjunction f* 4 f., such that f* preserves finite limits.

(i) Let fand g : £ — F be geometric morphisms. A geometric
transformation « : f — g is defined to be a natural
transformation a: f* — g*.

(iii) A point of a topos & is a geometric morphism Set — €£.
Grothendieck toposes, geometric morphisms and geometric

transformations form a 2-category, called Topos.
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e A continuous function f : X — Y between topological spaces
gives rise to a geometric morphism Sh(f) : Sh(X) — Sh(Y).
S The direct image Sh(f). sends a sheaf F € Ob(Sh(X)) to the
sheaf Sh(f)..(F) defined by Sh(f).(F)(V) = F(f~1(V)) for
any open subset V of Y. The inverse image Sh(f)* acts on
étale bundles over Y by sending an étale bundlep: E — Y
to the étale bundle over X obtained by pulling back p along

f:X—=Y.

e Every Grothendieck topos £ has a unique geometric
morphism £ — Set. The direct image is the global sections
functor I : £ — Set, sending an object e € € to the set
Homg(1¢, €), while the inverse image functor A : Set — &
sends a set S to the coproduct | |, g 1¢.

e For any (small) site (C, J), the pair of functors formed by the
inclusion Sh(C, J) < [C°P, Set] and the associated sheaf
functor a : [C°P, Set] — Sh(C, J) yields a geometric morphism
i:Sh(C,J) — [C°P, Set].
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Toposes as ‘bridges’

Presentations of toposes

The most classical way for building toposes is through sites
(indeed, a Grothendieck topos is, by definition, any category
equivalent to the category of sheaves on a small-generated site).

Still, toposes can also be canonically associated with groups (or
more generally topological or localic groupoids) or with (first-order
geometric) theories or with non-commutative structures such as
quantales or quantaloids, etc.

Every topos is associated with infinitely many presentations (in
particular, with infinitely many sites of definition), which may
belong to different areas of mathematics.

In this course we shall approach toposes from the geometric point
of view of their site presentations.
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Toposes as ‘bridges’
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One can exploit the duality between toposes and their
presentations to build ‘bridges’ across different mathematical
theories or contexts.

Toposes as ‘bridges’

* More specifically, for any topos-theoretic invariant (i.e. notion
which is invariant under categorical equivalence of toposes),
one can try to construct ‘bridges’ by ‘computing’ it in terms of
different presentations of a given topos.

® Provided that such ‘unravelings’ are technically feasible, this
will result in correspondences between ‘concrete’ notions
pertaining to the different presentations.

¢ The effectiveness of the ‘bridge’ technique actually relies on
the natural structural relationship between a topos and its
presentations.
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Toposes as ‘bridges’

Toposes as ‘bridges’

These ‘bridges’ allow effective and often deep transfers of
notions, ideas and results across the theories.

Note that toposes disappear in the end, though they have
been instrumental for performing the ‘translation’.

In fact, ‘bridges’ have proved useful not only for connecting
different theories with each other, but also for working inside
a given mathematical theory and investigating it from a
multiplicity of points of view.

The level of mathematical depth of a ‘bridge’ may vary
enormously from case to case, as it depends on the degree
of sophistication of the invariant inducing it, in particular in
relation to the given presentations, as well as on the
complexity of the given equivalence of toposes. Still, even
simple invariants applied to easy-to-establish equivalences
can lead to surprising, deep results.
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The ‘bridge’ technique
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® Decks of ‘bridges’: Morita-equivalences (that is, equivalences
between different presentations of a given topos, or more
generally morphisms or other kinds of relations between
toposes)

Toposes as ‘bridges’
Fi inducin,

® Arches of ‘bridges’: Characterizations for topos-theoretic
invariants in terms of different presentations of toposes

Invariant I across
the Morita-equivalence
Sh(C.J) ~ Sh(D, K)

site characterization site characterization

for I - - forl
-~ - = ~
- g = ~
- ~
c,J) (D, K)
Property P j) Property Qp )

For example, this ‘bridge’ yields a logical equivalence between the
‘concrete’ properties P¢ ) and Qp k), interpreted in this context as
manifestations of a unique property / lying at the topo level.
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Geometric morphisms can be naturally induced by functors
between sites satisfying appropriate properties:

Definition
e A morphism of sites (C,J) — (C,J') is a functor F : C — C’
e~ such that there is a geometric morphism
morphisms of u:Sh(C’,J") — Sh(C, J) making the following square
commutative:

Sh(C,J) —%~Sh(C", J);

e A comorphism of sites (D, K) — (C,J) is a functor 7 : D — C
which has the covering-lifting property (in the sense that for
any d € D and any J-covering sieve S on 7(d) there is a
K-covering sieve R on d such that 7(R) C S).

Theorem

® Every morphism of sites F : (C,J) — (D, K) induces a
geometric morphism Sh(F) : Sh(D, K) — Sh(C, J).

® Every comorphism of sites = : (D, K) — (C,J) induces a
geometric morphism C. : Sh(D, K) — Sh(C, J).
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Functors inducing
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toposes

Morphisms of sites

Theorem

Let(C,J) and (C',J") be small-generated sites. Then, given a
functor F : C — C’, the following conditions are equivalent:

(i) F is a morphism of sites (C,J) — (C',J');

(i) F satisfies the following properties:

(1) F sends every J-covering family in C into a J'-covering family
inC’.

(2) Every object ¢’ of C' admits a J’-covering family
¢ —c, iel,
by objects c| of C' which have morphisms
¢, — F(a)

to the images under F of objects c; of C.
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(3) For any objects c1, ¢, of C and any pair of morphisms of C’

f1/ ¢ — F(C1)4,

fy: ¢ — F(c),

there exists a J’-covering family

bridge:
Functors inducing
morphisms of

toposes gll : CI/ — Cl7 Ie Ia
and a family of pairs of morphisms of C

flibi—scr, f:b—c, icl,

and of morphisms of C’
hi:ci — F(b), iel,

making the following squares commutative:

f gl / / 9 /
¢ ————=c ¢ ———=c¢
hy A h 4
F(b) —L Fey) F(b) —L F(c)
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bridges

Functors inducing
morphisms of
toposes

Morphisms of sites
(4) For any pair of arrows fi, f, : ¢ = d of C and any arrow of C’
f': b — F(c)

satisfying
F(fi)of = F(f)of,

there exist a J'-covering family
gi:b— b, i€el,

and a family of morphisms of C
hi:bj—vc, i€l

satisfying
fiohi=hoh;, Viel,

and of morphisms of C’
h b — F(b), i€l

making commutative the following squares:

b—2 b
ol
F(h)
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Functors inducing
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Kan extensions

The direct and image functors of geometric morphisms induced
by morphisms or comorphisms of sites can be naturally described
in terms of Kan extensions.

Recall that, given a functor f : C — D,

e the right Kan extension rans» along P, which is right adjoint
to the functor f* : [D°P, Set] — [C°P, Set], is given by the
following formula:

ranwe (F)(b) = lim F(a),
o (F)(D) o (a)

where the limit is taken over the opposite of the comma
category (| b).

¢ the left Kan extension lanse along f°P, which is left adjoint to
f*, is given by the following formula:

lanse (F)(b) = lim F(a),
¢:b—fa

where the colimit is taken over the opposite of the comma
category (bl f).
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Proposition

(i) LetF :(C,J) — (D, K) be a morphism of small-generated sites.
Then

® the direct image Sh(F). of the geometric morphism

Functor vy Sh(F) : Sh(D, K) — Sh(C, J)
T

induced by F is given by the restriction to sheaves of F*;
® the inverse image Sh(F)* of Sh(F) is given by

a o langop o iJ7

where lango is the left Kan extension and iy is the inclusion
Sh(C,J) < [C*, Set].

(i) LetF:(D,K)— (C,J) be a comorphism of small-generated
sites. Then

® the direct image (Cr). of the geometric morphism
Cr : Sh(D,K) — Sh(C,J)

induced by F is given by the restriction to sheaves of the right
Kan extension rangop ;

® the inverse image (Cr)* of Cr is given by
ajo F*o iK,

where i is the inclusion Sh(D, K) — [D, Set].
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Functors inducing
morphisms of
toposes

Unifying morphisms and comorphisms of sites

We shall unify the notions of morphism and comorphisms of sites
by interpreting them as two fundamentally different ways of
describing morphisms of toposes which correspond to each other
under a ‘bridge’.

More specifically, morphisms of sites provide an ‘algebraic’
perspective on morphisms of toposes, while comorphisms of sites
provide a ‘geometric’ perspective on them.

The key idea is to replace the given sites of definition with
Morita-equivalent ones in such a way that the given morphism
(resp. comorphism) of sites acquires a left (resp. right) adjoint,
not necessarily in the classical categorial sense but in the weaker
topos-theoretic sense of the associated comma categories having
equivalent associated toposes.
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Theorem (O.C.)

P Given a morphism F : (C,J) — (D, K) of small-generated sites,
e et

Functors inducing

orptisms of - (1p | F) be the ‘comma category’ whose objects are the
triplets (d,c,a: d — F(c))

- ir be the functor C — (1p | F) sending any object ¢ of C to
the triplet (F(c), ¢, 1r(c)),

-me:(1pl F)—=Candrp:(1p | F) — D the canonical
projection functors, and

- K be the Grothendieck topology on (1p | F) whose covering
sieves are those whose image under np is K-covering.

Then:
(i) me Hig, mp o ie = F, i is a morphism of sites

(C,J) = ((1p | F),K) and cr := ¢ is a comorphism of sites
((1p 4 F),K) — (C,J).
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Functors inducing
morphisms of
toposes

From morphisms to comorphisms of sites

(i) 7o : (10 | F), K) = (D, K) is both a morphism of sites and a
comorphism of sites inducing equivalences
Crp» - Sh((1p | F),K) = Sh(D, K)
and .
Sh(rp) : Sh(D,K) — Sh((1p | F),K)

which are quasi-inverse to each other and make the following
triangle commute:

C"D
Sh((1p L F).K) _ ~ " Sh(D.K)
Sh(rp)
Coe gsm Sh(F)
Sh(C,J)

For any geometric morphism f : 7 — &, f* is a morphism of sites
(&,J8") — (F,JE") such that f = Sh(f*). We thus obtain the
following

Corollary (O.C.)

Letf: F — £ be a geometric morphism. Then the canonical
projection functor
e (gL )= €&

is a comorphism of sites (15 | f*), .EBJ") — (€,JE") such that
f=Cre.
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Functors inducing
morphisms of
toposes

The canonical stack of a geometric morphism

The functor 7z : (1£ ] f*) — £ is actually a stack on &, which we
call the canonical stack of f: from an indexed point of view, this
stack sends any object E of £ to the topos F/f*(E) and any arrow
u: E’" — E to the pullback functor u* : F/f*(E) — F/f*(E’).

We shall call the Grothendieck topology J$" on (1 | *) the
relative topology of f and denote it by J;.

By taking f to be the identity, and choosing a site of definition
(C,J) for &, we obtain the canonical stack S¢ ) on (C,J), which
sends any object ¢ of C to the topos Sh(C, J)//(c). The above
corollary thus specializes to an equivalence

—_~—

Sh(C, J) = Sh(Sc,v). J&hic )

which represents a ‘thickening’ of the usual representation of a
Grothendieck topos as the topos of sheaves over itself with
respect to the canonical topology.
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From comorphisms to morphisms of sites

With a comorphism of sites F : (D, K) — (C, J) we can associate
the morphism of sites

me - (C,J) = (D,K)

sending an object ¢ of C to the presheaf Hom¢(F(—), ¢), where K
is the extension of the Grothendieck topology K along the Yoneda
embedding yp : D — D.

This morphism of sites induces a geometric morphism Sh(mg)
making the following triangle commute:

o Sh(yn)
sh(D, k) ~ Sh(D, K)

Crp /
sh(me) Cr
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toposes

Bridging morphisms and comorphisms of sites

We shall call a functor which both a morphism and a comorphism of
sites a bimorphism of sites.

We have actually shown that the relationship between a morphism F
(resp. comorphism G) of sites and the associated comorphism cg
(resp. morphism mg) of sites is captured by the equivalence

Sh((1p | F),K) ~ Sh((cr | 1p),K)

(resp. N
Sh((G 1 1¢), K) = Sh((15 | ma), K))

of toposes over Sh(C, J) induced by bimorphism of sites wr (resp.
Zg) over C.

In fact, F and cr (resp. G and mg) are not adjoint to each other in a
concrete sense (that is, at the level of sites); nonetheless, they
become ‘abstractly’ adjoint in the world of toposes since toposes
naturally attached to such categories are equivalent.

These correspondences actually yield a dual adjunction between a
category of morphisms of sites from a given site and a category of
comorphisms of sites towards that site.
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Functors inducing
morphisms of
toposes

Continuous functors

Another important class of functors between sites is that of
continuous ones:
Definition (Grothendieck)

Given sites (C, J) and (D, K), a functor A : C — D is said to be
(J, K)-continuous, or simply, continuous, if the functor

Da:= (~ o A) : [D, Set] — [P, Sef]

restricts to a functor Sh(D, K) — Sh(C, J).

The property of continuity of a functor can be interpreted as a
form of cofinality; in fact, we have shown that it can be explicitly
characterized in terms of “relative cofinality conditions”
(introduced in the paper Denseness conditions, morphisms and
equivalences of toposes).
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ey Classifying essential morphisms
Olivia Caramello Recall that a geometric morphism f : 7 — £ is said to be essential
if its inverse image f* has a left adjoint, denoted by f and called its

essential image.

e Theorem

et Let (C,J) be a small-generated site, £ a Grothendieck topos. Let
oo Geomss(Sh(C, J), £) be the category of essential geometric
morphisms, and Comeont((C, J), (€, JZ2")) the category of
J-continuous comorphisms of sites (C, J) — (&€, J&"). Then we
have an equivalence

Geomegs(Sh(C, J), &) ~ Comeont((C, J), (£, "))

sending an essential geometric morphism f = (fi 4 f* 4 £.) to the
comorphism of sites f, o | and a J-continuous comorphism of sites A
to the geometric morphism Cy induced by it.

Remark
We have shown that if 7 is a fibration then C,. is not only essential,
but even locally connected.
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Olivia Garamello Recall that, given a functor A : C — D and a Grothendieck topology
K in D, there is a smallest Grothendieck topology M# on C which
makes A a comorphism of sites to (D, K).

Functors inducing

Proposition

e If A is a fibration, the topology Mf admits the following simple
description: a sieve R is M£-covering if and only if the collection of
cartesian arrows in R is sent by A to a K-covering family.

We shall call M7 the Giraud topology induced by K|, in honour of
Jean Giraud, who used it for constructing the classifying topos
Sh(C, M%) of a stack A on (D, K).

Proposition

For any Grothendieck topology K on D, every morphism of
fibrations (A : C — D) — (A’ : C' — D) yields a continuous
comorphism of sites (C, Mg) — (C', Mg ).

In particular, a fibration A : C — D yields a continuous comorphism
of sites (C, M%) — (D, K) for any Grothendieck topology K on D.
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Giraud topologies

The study of the Giraud topology can provide insights on the
given fibration. As a basic example of this, under the assumption
that J is subcanonical, the property of being a prestack can be
checked directly by analysing the Giraud topology:

Proposition (O.C. and R.Z.)

Consider a subcanonical site (C,J) and a cloven fibration
p: D — C: then p is a prestack if and only if the Giraud topology
M7 is subcanonical.

We actually have a Giraud topology functor
& : Cat/C — Com/(C,J),
mapping [p: € — C]to p: (€, M5) — (C,J).

By the above results, this functor actually takes values in the
subcategory of continuous comorphisms of sites.

33/77



Relative toposes
for the working
mathematician

Olivia Caramello

Functors ir
morphisms of

Relative toposes

Indexed categories and fibrations

The language in which we shall work for developing relative topos
theory is that of indexed categories and fibrations.

e Given a category C, we shall denote by Ind. the 2-category of

C-indexed categories: it is the 2-category [C°P, Cat],s whose

0-cells are the pseudofunctors C°? — Cat, whose 1-cells are
the pseudonatural transformations and whose 2-cells are the
modifications between them.

Given a category C, we shall denote by Fib. the 2-category of
fibrations over C: it is the sub-2-category of CAT/C whose
0-cells are the (Street) fibrations p: D — C, whose 1-cells are
the morphisms of fibrations (with a ‘commuting’ isomorphism)
and whose 2-cells are the natural transformations between
them.

We shall denote by cFib the full sub-2-category of cloven
fibrations (i.e. fibrations equipped with a cleavage).

It is well-known that indexed categories and fibrations are in
equivalence with each other:

Theorem

For any category C, there is an equivalence of 2-categories
between Ind: and cFib¢, one half of which is given by the
Grothendieck construction and whose other half is given by the
functor taking the fibers at the objects of C.
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Relative toposes

The notion of stack

Definition
Consider a site (C, J) and a fibration p: D — C: then pis a
J-prestack (resp. J-stack) if for every J-sieve mg : S — y(X) the
functor

— o [mg : Fibe(C/X, D) — Fibe(fS, D)
is full and faithful (resp. an equivalence).
Stacks over a site (C, J) form a 2-full and faithful subcategory of
Ind¢, which we will denote by St(C, J).

The notion of stack on a site is a higher-categorical generalization
of that of sheaf on that site:

Proposition
Consider a site (C,J) and a presheaf P : C°? — Set: then P is

J-separated (resp. J-sheaf) if and only if the fibration [P — C is a
J-prestack (resp. J-stack).

We can rewrite the condition for a pseudofunctor C°? — Cat to be a
J-prestack (resp. J-stack) in the language of indexed categories, as
the requirement that for every sieve ms : S — y¢(X) the functor

Indc(ye(X), D) —5 Indc(S, D)

be full and faithful (resp. an equivalence), where both y-(X) and S
are interpreted as discrete C-indexed categories.
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Olivia Caramello The role of stacks in our approach to relative topos theory is
two-fold:

® On the one hand, the notion of stack represents a higher-order
categorical generalization of the notion of sheaf. Accordingly,
categories of stacks on a site represent higher-categorical
analogues of Grothendieck toposes. One can thus expect to
be able to lift a number of notions and constructions pertaining
to sheaves (resp. Grothendieck toposes) to stacks (resp.
categories of stacks on a site).

Relative toposes

¢ On the other hand, stacks on a site (C, J) generalize internal
categories in the topos Sh(C, J). Since (ordinary) categories
can be endowed with Grothendieck topologies, so stacks on a
site can also be endowed with suitable analogues of
Grothendieck topologies. This leads to the notion of site
relative to a base topos, which is crucial for developing relative
topos theory.

Remark

Every stack is equivalent to a split stack, and hence to an internal
category, but most stacks naturally arising in the mathematical
practice are not split (think, for instance, of the canonical stack of a
topos).
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site (C, J)):

A
Ind; 1 Topos/Sh(C, J)*°
%

He ]

St(C,J) L EssTopos/Sh(C, J)*°

I %EON//E//

Sh(C,J)

In this diagram s, denotes the stackification functor, Topos the
category of Grothendieck toposes and geometric morphisms and
EssTopos the full subcategory on the essential geometric
morphisms.

® The functor E sends an essential geometric morphism
f: & — Sh(C, J) to the object fi(1¢) (where f, is the left adjoint
to the inverse image f* of f).

® The functor L sends an object P of Sh(C, J) to the canonical
local homeomorphism Sh(C, J)/P — Sh(C, J).

37/77



Relative toposes
for the working
mathematician

Olivia Caramello

Operations on stacks

Pseudo-Kan extensions

Proposition

Denote by Ind§ the sub-2-category of Ind: of pseudofunctors with
values in Cat (i.e. ‘'small’ C-indexed categories). Consider any
functor F : C — D and the direct image 2-functor

F* : IndS, — Ind3

which acts by precomposition with F°P. The 2-functor F* has both
a left and a right 2-adjoint, denoted respectively by Lang» and
Ranger, which act as follows:
e forany D inD denote by 2 : (D] F) — C the canonical
projection functor: then for E : C°° — Cat, its image
Langer (E) : D°P — Cat is defined componentwise as

Lanro (E)(D) := colimps <(D¢ F)P (xE)” cor L Cat)

e for any D inD denote by 7P : (F| D) — C the canonical
projection functor: then for E : C°? — Cat, its image
Range (E) : D°P — Cat is defined componentwise as

1Dyo
Rango (E)(D) = limps ((m py» 7, cop By Cat>
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Proposition (O.C. and R.Z.)
Consider two sites (C,J) and (D, K) and a functor F : C — D.
e Then F is (J, K)-continuous functor if and only if
F* :Indp — Indc restricts to a 2-functor St(D, K) — St(C, J).
e [f F is a morphism of sites F : (C,J) — (D, K), or more
generally a (J, K)-continuous functor, it induces a 2-adjunction

Operations on stacks

: St(F)*
>

st’(c,J) L St°(D,K) ,
~_—
St(F)-

whose pair we shall refer to simply by St(F).
e The 2-functor St(F). is called the direct image of stacks along
F and acts as the precomposition

F* = (— o FOp) :Indp — Indg;

In terms of fibrations, a stack q : £ — D is mapped by St(F).
to its strict pseudopullback p : P — C along F.
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Direct and inverse images of stacks

* The left adjoint St(F)* is the inverse image of stacks along F

and acts as the composite
St(C,J) % IndS 275 IndS, = St°(D, K),

where sk denotes the stackification functor. In terms of
fibrations, a stack p : P — C is mapped by St(F)* to the
stackification of its inverse image Lang« ([p]) along F, which
can be computed as a localization as follows. Consider the
fibration of generalized elements

(10d(Fop) & D

of the functor F o p, whose objects are arrows
[d: D — (F op)(U)] of D, and whose morphisms

(e,a):[d":D — (Fop)(V)] —[d:D— (Fop)(U)

are indexed by an arrow e : D' — D in D and an arrow
a:V = Uin P suchthat (F o p)(a) o d’ = do e. Consider the
class of arrows

S:={(ea):[d"] = [d] | (e a) r-vertical, a cartesian in P} :

then
Lang ([p]) =~ (104 (F o p))[S7] .
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induce an adjunction between categories of stacks:

Proposition (O.C. and R.Z.)
Consider a comorphism of sites F : (C,J) — (D, K): it induces a
2-adjunction

(e
>t
St°(D,K) L St°(c,J) ,
Operations on stacks X~
Relative ‘presheaf (Cgl)*

whose pair we shall refer to by CE.

e The right adjoint (C').. acts by restriction of the right
pseudo-Kan extension Ranger to stacks;
e The left adjoint (CE)* acts as the composite 2-functor

St5(D, K) % Ind$, £ Indg 2 st°(C, J),
where F* := (— o F°P).

e IfF is also continuous the CE also has a left adjoint (C2), given
by the composite 2-functor

St(C,J) % Inds 2, IndS, 5 SE(D, K) .
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Given a C-indexed category D, we denote by G(DD) the fibration on
o C associated with it (through the Grothendieck construction) and
e by pp the canonical projection functor G(D) — C.

Proposition (O.C. and R.Z.)
raesesea L@t (C,J) be a small-generated site, D a C-indexed category and

toposes’

b DY be the opposite indexed category of D (defined by setting, for
' each c € C,DV(c) = D(c)°). Then we have a natural equivalence

Sh(g(D), Mfﬁp) ~ Indc(]D)V,S(C,J)) .

This proposition shows that the topos Sh(G(D), M'”) of D, which
we call the Giraud topos of D, can indeed be seen as the “topos
of relative presheaves on D"
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Relative ‘presheaf
toposes’

The fundame
adjunctior

Giraud toposes as weighted colimits

We have shown that, for any I, the Giraud topos
Cp, : Sh(G(D), M*) — Sh(C,J) can be naturally seen as a
weighted colimit of a diagram of étale toposes over Sh(C, J):

Cs
Sh(C/X,Jx) +————— Sh(C/Y, Jx)

>\(X,V) <: A(X,U)

Sh(g(D), M§7)

where y: Y — X and a: U — V are arrows respectively in C and
in D(X), the legs A(x,u) : Sh(C/X, Jx) — Sh(G(D), M}”) of the
cocone are the morphisms C¢, , induced by the morphisms of
fibrations &(x,uy : C/X — D over C given by the fibered Yoneda

lemma, and the functor ¥, : C/Y — C/X are given by composition
with y.
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A fundamental result in the theory of sheaves is the classical

adjunction

A
F

Psh(X) 1 Top/X
Y~ —
r
K between presheaves on a topological space X and bundles over it
aduncton (i.e. continuous maps with codomain X).

How to possibly generalize this adjunction to the setting of
arbitrary sites has been an open problem for many years.

With Riccardo Zanfa, we have managed to establish such a
generalization, not only for presheaves, but for arbitrary indexed
categories. This result has several applications to the theory of
sheaves and stacks.
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cloven fibrations over C and toposes over Sh(C, J) (which in fact
precisely expresses the universal property of the above weighted
colimit):

Theorem (O.C and R.Z.)

For any small-generated site (C, J), the two pseudofunctors

Atopos®/sh(c.s) : CFibe — Topos®/Sh(C, J),

p:0 ) i 1| o [[Gine] X (6@l

The fundamental

adjunction and

Iopos/sh(c./) : Topos®/Sh(C, J) — Ind¢ ~ cFibe,

[E: & — Sh(C,J)] — [Topos®™/Sh(C, J)(Sh(C/—, J_)),[E]) : C°P — CAT]

are the two components of a 2-adjunction

Moposco /sh(c,v)
P

cFibc 1 Topos®/Sh(C,J)
Y —
T Toposco /sh(c,v)

Remark
Since Giry(p) ~ Ind¢ (DY, S(c.4)), the canonical stack S,y has a
similar behavior to that of a dualizing object for the adjunction A T .
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SEEE Proposition (O.C. and R.Z.)
Consider a small-generated site (C,J):
oot e There is an adjunction of 1-categories

Atoposs /{sh(C,J)
~— 3
[c°P,Set] 1 Topos®/i1Sh(C,J)
Y~ ~—
Toposs /{sh(C )

- The functor Nyoposs /,sh(c,s) Maps a presheaf P to
I L., p) : Sh(C,J)/as(P) — Sh(C, J) or, in terms of comorphisms

of sites, to A(P) := [Cp, : Sh([ P, Jp) — Sh(C, J)] and
A(g) := Cyq : Sh([P,Jp) — Sh([Q, Ja).

- The functor Noposs /,sh(c,v) acts like a Hom-functor by mapping
an object [F : # — Sh(C, J)] of Topos®/1Sh(C, J) to the
presheaf

Topos®/1Sh(C, J)(Sh(C, J)/l,(~), F) : C® — Set .
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Some applications

The general presheaf-étale adjunction

The image of Atoposs/,sh(c,v) factors through

Topos® /Sh(c, J), and the image of Mopos:/,sh(c.J) factors
through Sh(C, J);

The fixed points of Topos®/1Sh(C, J) are precisely the étale
geometric morphisms, while those of [C°P, Set] are the
J-sheaves.

The adjunction Atoposs/,sh(c,s) 7 Moposs/;sh(c,J) restricts to an
equivalence

Sh(C, J) ~ Topos®@©/,Sh(C, J) .

The composite functor Moposs /,sh(c,J)NToposs /;Sh(c,J) IS
naturally isomorphic to the sheafification functor

ijay : [C°P, Set] — Sh(C, J) — [C°P, Set];
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Some applications

Some applications

The presheaf-bundle adjunction for topological spaces is useful
mostly becase it provides a geometric interpretation of several
fundamental constructions on (pre)sheaves, such as direct and
inverse images, as well as the sheafification process, in the
language of fibrations.

Thanks to our site-theoretic generalization, we can extend these
techniques to arbitrary presheaves. In particular, we obtain the
following results:

e For any c € C, the elements a,(P)(c) of the J-sheafification
of a given presheaf P can be identified with the geometric
morphisms over Sh(C, J) from Sh(C/c, J;) to Sh( [ P, Jp), all
of which can be locally represented as being induced by
morphisms of fibrations.

This is strictly related to the construction of a,(P)(c) in terms
of locally matching families of elements of P.
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e Given a functor F : C — D and two presheaves P : C°? — Set
and Q : D°? — Set with associated fibrations 7p : [P — C
s andmq: [Q— D,
b - the fibration corresponding to the direct image presheaf
os0s Q o F* is computed as the strict pullback of 7g along F:

[(F(Q) — [Q
e [

Cﬁl)

- If Fis a morphism of sites (C,J) — (D, K) then, for any
J-sheaf P on C, the inverse image Sh(F)*(P) coincides with
the discrete part of the K-comprehensive factorization of the
composite functor F o 7p.

We have also established natural analogues of these results in
the context of stacks.
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Some applications

Applications to pullbacks of toposes

Given a continuous function f : X — Y between topological spaces,

the inverse image Sh(f)* of the geometric morphism
Sh(f) : Sh(X) — Sh(Y)
induced by f corresponds under the equivalences
Sh(X) ~ Etale/X
and
Sh(Y) ~ Etale/ Y

to the pullback operation along f in the category Top of topological
spaces.

The following result represents the topos-theoretic analogue of this
result (note how geometric morphisms play the role of continuous
maps):

Proposition (O.C. and R.Z.)

LetF : (C,J) — (D, K) be a morphism of sites and D a small
J-stack: then the square

Girk(St(F)*(D)) —— Giry(D)

Cosupr @ >)l lc"n

Sh(D, K) —g.— Sh(C.J)

is a pullback of toposes.
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Some applications

Relative sheaf

Applications to pullbacks of toposes

As shown by the following proposition, in the case of geometric
morphism induced by a continuous comorphism of sites, it is
possible to compute the following pullback of toposes very simply
already at the site level:

Proposition (O.C. and R.Z.)

If F is a continuous comorphism of sites (C,J) — (D, K) then, for
any small K-stack D on D, the diagram

g((C3) (D)) —— 4(D)

pw?)*(ml lpm

_
c - D

is a pseudopullback in Cat, which is sent by the 2-functor C to a
pullback in Topos:

Giry((CE)* (D)) ——— Girk(D)

CP( 8+ (o) l leD

Sh(C,J) ——— Sh(D,K)
F
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Relative sheaf toposes

As any Grothendieck topos is a subtopos of a presheaf topos, so
any relative topos should be a subtopos of a relative presheaf
topos. This motivates the following

Definition

Let (C, J) be a small-generated site. A site relative to (C, J) is a
pair consisting of a C-indexed category D and a Grothendieck
topology K on G(ID) which contains the Giraud topology M%”.

The topos of sheaves on such a relative site (D, K) is defined to
be the geometric morphism

Co, : Sh(G(D), K) — Sh(C, J)

induced by the comorphism of sites pp : (G(D), K) — (C, J).

Remark

Not every Grothendieck topology on K can be generated starting
by horizontal or vertical data (that is, by sieves generated by
cartesian arrows or entirely lying in some fiber), but many
important relative topologies naturally arising in practice are of

this form.
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Relative sheaf
toposes

Examples of relative topologies

* The relative topology on the canonical stack of a geometric
morphism (which allows one to represent any relative topos
as the topos of sheaves on a relative site).

¢ The Giraud topology is an example of a relative topology
generated by horizontal data.

¢ The total topology of a fibered site, in the sense of
Grothendieck, is generated by vertical data.

We have shown that, for a wide class of relative topologies
generated by horizontal and vertical data, one can describe
bases for them consisting of multicompositions of horizontal
families with vertical families.
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From the ordinary to the relative setting

ABSOLUTE RELATIVE
Topos & Relative topos : f: F — &
Geometric morphism Relative geometric morphism
g:&E=¢& g:[fl = [f]
Categories and functors Fibrations and their morphisms
Site (D, K) Relative site pp : (G(D),K) — (C,J)

Morphism of sites

Morphism of relative sites

Presheaf toposes

Giraud toposes

Sheaf toposes

Toposes of sheaves on a relative site

Canonical site (£, J%,,)

Canonical relative site ((1 | *), Jf)

Canonical functor
1:(D,K) = Sh(D, K)

Canonical morphism
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Relative Diaconescu’s equivalence

A fundamental result in topos theory is Diaconescu’s theorem,
providing an equivalence between geometric morphisms to a sheaf
topos Sh(D, K) and K-continuous flat functors on D.

The following result represents its generalisation in the setting of
relative toposes:

Theorem (L.B. and O.C.)

Letf: F — Sh(C,J) be a Sh(C, J)-topos and D a C-indexed
category. Then we have an equivalence

GeomSh(C,J)([f], [CPD]) ~ FIatSh(c’J)(g(D), (1}- \L f*/J))

between the category of geometric morphisms, relative to Sh(C, J),
from f to C,,, and the category of flat relative to Sh(C, J) functors
from G(D) to (17 | f*1)).

If K is a Grothendieck topology on G(D) containing the Giraud
topology Jp then the above equivalence restricts to an equivalence

Geomgnc ) ([f], [Cpr]) ~ Flatg, ¢ (G(D), (17 | 1)),
where Flatgy . ,,(G(D), (15 | f*1,)) is the full subcategory of the

category Flatgnc ,(G(D), (17 | f*1;)) on the K-continuous
functors.
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As in the ordinary setting, (relative) flat functors can be
characterized in terms of (relative) morphisms of sites.

Definition (L.B. and O.C.)

Let (C, J) be a small-generated site, D, D two C-indexed
categories and K, K’ Grothendieck topologies respectively on
G(D) and G(D') which contain the Giraud topologies induced by J.
A morphism of relative sites (G(D), K) — (G(D'), K’) over (C, J) is
a morphism of fibrations over C which is moreover a morphism of
ordinary sites (G(D), K) — (G(D'), K').

equvalence Proposition (L.B. and O.C.)

Letf: F — Sh(C,J) be aSh(C, J)-topos and D a C-indexed
category. Then a functor G(D) — (1% | f*1)) is flat and
K-continuous relative to the topos Sh(C, J) if and only if it yields a
morphism of relative sites (G(D), K) — ((1+ | 1)), Jr).
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The following slides will be devoted to presenting a way for
representing relative toposes which naturally generalizes the
construction of the topos of sheaves on a locale, and which is
particularly effective for describing in a simple way the morphisms
between relative toposes.

Recall that, given locales L and L', the morphisms
Sh(L) — Sh(L’) correspond exactly to the locale homomorphisms
L— L.

Our representation will be based on the concept of existential
fibred site.

By using this notion, we shall be able to describe the morphisms
between two relative toposes as morphisms between the
associated existential fibred sites.
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Two corollaries of relative Diaconescu

Corollary

Letf: F— Eandf : F — & be geometric morphisms towards
the same base topos £. Then we have an equivalence of
categories

Geomg ([f], [']) = FibZ™ (17 L ), Jp), (17 L %), Jr)),

where FibZ" (17 | f*),Jr), (17 | ), Jr)) is the category of
morphisms of fibrations over £ which are cartesian at each fiber
and cover-preserving.

Corollary

Let & be a Grothendieck topos and L, L' internal locales in £.
Then we have an equivalence of categories

Geomg(She (L), She (L)) ~ Locg(L, L),

where Locg (L, L") is the category of morphisms of internal locales
fromLtol' in€&.
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Fibred sites and
existential
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Fibred sites

Definition
Let (C, J) be a small-generated site.
® A fibred site over C is an indexed category L : C°? — Cat
taking values in the category of small-generated sites and
morphisms of sites between them; we shall denote by J: the
Grothendieck topology on the fiber L(e).

® A fibred site over (C, J) is a fibred site over C which is
J-reflecting in the sense that for any J-covering family S on
an object ¢ of C and any family T of arrows with common
codomain in the category L(c), if L(f)(T) is Jéom -covering in

the category L(dom(f)) for every f € Sthen T is JL -covering.

® A J-reflecting fibred site L : C°° — Cat over (C, J) is said to be
existential if for any arrow a: E’ — E in C, the transition
functor L(a) : L(E) — L(E’) has a cover-preserving left
adjoint, denoted 3, : L(E’) — L(E) (which is therefore a
comorphism of sites (L(E’), JL,) — (L(E), JL)), and the
following two conditions (where, for any f, n; denotes the unit

of the adjunction 3¢ 4 L(f)) are satisfied: wo)77



Relative toposes

for the working EXiStential fibred Sites

mathematician

Olivia Caramello (i) Relative Beck-Chevalley condition:
Forany arrowsc: V — Zand d: W — Zin C with common
codomain and any / € L(V), the family of arrows

{L@) (1)) - Go)(L(@)1) = L) Ee(h) | (,b) € Boay}

is Jjy-covering, where B q) is the collection of spans
(a:U—V,b:U— W)suchthatcoa=dob

a

u-—yYV

of e

w2,z
R and L(.a/)z/vk(l)) is the transpose of the arrow

existential
toposes

L(@)(ne(1) : L(@)() ~ LBY(L(A)(Fe()))

given by the composite of the arrow L(a)(nc(/)) with the inverse
of the isomorphism L(b)(L(d)(3c(/))) — L(a)(L(c)(3c(1)))
resulting from the equality co a = d o b in light of the
pseudofonctoriality of L.
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Existential fibred sites

(i) Relative Frobenius condition: For any arrows f : E — E’ in C,
any | € L(E’) and any arrow « : I" — F¢(/), the family of
arrows {6 : 3(m) = I' | (6,p) € Qi¢,a)} is JE,-covering, where
Qt,«) is the collection of span of arrows
(p:m—16: m— L(f)(I")) in L(E) which make the rectangle

m P /

rﬂ lm(/)

L) i LOGD)

commute.

Remark

One can generalize the notion of fibred site by simply requiring
the transition morphisms to be cover-preserving (rather than
morphisms of sites). The theorem below about the existential
topology (see below) remains valid, but the results below on fibers
of existential toposes require the stronger assumptions.
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Definition
Topos-heoretic Let f: F — &£ be a geometric morphism. The existential fibred site
‘ of f is the indexed functor L; : £°° — Cat sending any object E of
£ to the topos F/f*(E) endowed with its canonical topology (for
any arrow k : E' — E in &, the pullback functor

Li(k) := (f (k)" : F/f*(E) — F/f*(E')

has a left adjoint

3k : F/f*(E") — F/f(E)

LIS given by composition with £+ (k).

toposes

If (C,J) is a site of definition for £, the composite of L; with the
canonical functor C — Sh(C, J) is also called the existential fibred
site of 1.
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Theorem

Let (C,J) be a small-generated site and L : C°® — Cat a
J-reflecting fibred site over C. Then L is existential if and only if
the families on the category G(L) of the form

{(e,;a,-) : (E,’, /,) — (E, /) | ie /}

where the family {@; : 3¢,(I}) — I | i € I} is J:-covering are the
covering families for a Grothendieck topology J&*', called the
existential topology, on G(L).

Moreover, if L is an existential fibred site over (C,J), the existential
topology JP contains the Giraud topology induced by J.

Fibred sites and
existential

toposes The relative topos
Co. : Sh(G(L), JP") — Sh(C, V)

is called the existential topos of L.
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Proposition

e letf: F — & be ageometric morphism. Then, under the
identification

(14 F)=6(Ly),

the topology Js on (1 | f*), that is, the relative topology of f,
corresponds to the existential topology Ji on G(Ly), where
L; is the existential fibred site of f.

e Every internal locale L in a topos £ yields an existential fibred
preorder site over the canonical site of €.
existential

toposes Moreover, for any E € &, the topos of canonical sheaves on
the locale L(E) can be recovered as the localic reflection of
the slice at E of the existential topos associated with L.

Fibred sites and
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Definition

Given a topos £ and existential fibred sites L and L’ over &, a
morphism « : L — L’ is a morphism of indexed categories which
is cartesian and cover-preserving at each fiber and which
commutes with the left adjoints 3, for any arrow e in £.

Theorem

Given relative toposes [f : F — E] and [f : F' — €£], the
geometric morphisms f — f' over £ correspond precisely to the
morphisms of existential fibred sites Ly — L.

Fibred sites and

Remark
This is a natural generalization of the classical result stating that
the geometric morphisms Sh(L) — Sh(L') correspond precisely
to the frame homomorphisms L' — L.
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Fibers of existential toposes

Proposition

Let (C,J) be a small-generated site and L an existential fibred site
over (C,J) and c an object of C. Then the fibre

Sh(G(L),JpX")/Cz, (I(c)) at c of the existential topos

Cx, : Sh(G(L), ) — Sh(C,J)

of L is equivalent to the topos of sheaves on the category G(L) of
elements of the functor Home(m.(—), ¢), endowed with the
Grothendieck topology J. induced by J.

For any arrow k : ¢ — ¢’ in C, the pullback functor admits a left
adjoint, given by the composition functor (c.,) (k) with
(Cx,)*(I(k)), which is induced by the comorphism of sites

Ei: G2'(L) - G2(1)

given by composition with k.
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Fibred sites and
existential
toposes

Fibers of existential toposes

Proposition

For any object c of C, the fiber at c of the existential topos of L is
related to the topos of sheaves Sh(L(c), JL) on the fiber of L at ¢
via the hyperconnected (whence open) geometric morphism

Sh(ic) = Cex, : Sh(GZ*(L), Jc) — Sh(L(c), J¢)
induced respectively by the morphism of sites
io  (L(c), J5) = (92(L), )

sending an object x of L(c) to the object ((c, x),1¢) of G&Y(L), and
by the (left adjoint) comorphism of sites

ext; - (G2U(L), Je) — (L(c), JL)

sending an object ((d, y), f) of G(L) to the object 3¢(y) of L(c).
Moreover, for any arrow k : ¢ — ¢’ inC, the following diagram of
comorphism of sites commutes:

exte

(G(L), Je) == (L(c), J8)

J'Ek lak

(G24(L), ) 5 (L(e'), Jb)

67/77



Relative toposes
for the working
mathematician

Olivia Caramello

Fibred sites and
existential

toposes

Characterization of internal locales

The following corollary gives a characterization of internal locales
in a topos Sh(C, J) of sheaves on an arbitrary, not necessarily
cartesian, small-generated site (C, J):

Corollary

Let (C,J) be a small-generated site. Then an internal locale in
Sh(C,J) is a functor L : C°? — Cat taking values in the subcategory
of frames and frame homomorphisms which is a J-sheaf and,
when considered as a fibred site (by endowing each frame with its
canonical topology), is existential i.e. the following conditions are
satisfied:

® Relative Beck-Chevalley condition: For any arrowsc: V — Z
andd: W — Z in C with common codomain and any | € L(V),

La)EM) =V, GalL@).

(c,d)

where B q) is the collection of spans (a: U — V,b: U — W)
suchthatcoa=doc;

@ Frobenius reciprocity condition: forany a: E — E’, | € L(E)
and!l' € L(E'),

Ja(L@() Al =3a(HAT
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Applications to logic

The idea of investigating logical theories by using a fibrational
formalism dates back to Lawvere and his notion of
(hyper)doctrine. More specifically:

¢ A first-order theory T over a signature ¥ is represented as a
fibred preorder Lt indexed by the category Sorty of sorts of
>, whose objects are the finite list of variables of sorts in &
and whose arrows X — y are the maps from y to X which
respect sorts.

® The Sorts-indexed category Lt sends a context
X =(x,...,x/") to the poset Lr(X) of T-provable
equivalence classes of first-order formulas over ¥ in the
context X.

e The transition functors are given by substitution, and they
have adjoints on both sides, given by existential quantification
and universal quantification.
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then:

e the presheaf topos [Sorty", Set] is the classifying topos &g, of
the empty theory Oy consisting of just the sorts of ¥ ;

¢ (The geometric version of) Ly is an internal locale in
[Sort?, Set];

* T is a localic expansion of Oy, whence the canonical
geometric morphism &1 — o, between their classifying
toposes is localic.

e Hence the classifying topos &t of T identifies with the
existential topos associated with the fibred site Lr; in
e particular, we obtain (G(Lr), J') as an alternative syntactic
oposes site for the classifying topos of T (cf. J. Wrigley’s talk at
Toposes Online for more details about it).

As shown in the paper Fibred sites and existential foposes, many
other alternative syntactic sites for the classifying topos of a

theory can be obtained through the same method.
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Completions of fibred preorder sites

It is possible to complete an arbitrary fibred preorder site to an
internal locale:

Proposition
Let (P, K) be a fibered preordered site over a small-generated site

(C,J). Then the canonical functor

UPiP%LCpW

where Lc, is the internal locale associated with the geometric
morphism C,,, satisfies the universal property of the internal
frame completion of (P, K).

It can be described as follows:
* Foranyc € C, Lg, (c) identifies with the frame

C|SUbf<g(]p>)op,set] (HomC (p[P’(_)a C))

of K-closed subobjects in [G(P)°P, Set] of the presheaf
HOI’I’[C (pP(f)a C)'
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existential

Completions of fibred preorder sites

* The indexed functor np acts at an object ¢ € C as the functor

ne(C) : B(c) — L, (€) = CISUB[Geye sen(Home (pe(—). €))

sending any element x € P(c) to the K-closure of the
subfunctor of Hom¢(pp(—), ¢) sending any object (¢’, x’) of
G(P) to the subset

Sie' x) € Home(pe((¢’, x")), €) = Home(c¢/, ¢) consisting of
the arrows g : ¢/ — ¢ such that x’ < P(g)(x).

Remarks

® This generalizes the completion of a preorder site (C, J) to
the frame 1d(C) of J-ideals on C.

e |t would be interesting to investigate the connection between
this kind of completions and the exact completions for
Lawvere doctrines and the tripos-to-topos construction.

® More generally, the notion of existential fibred site should
illuminate the relationships between Grothendieck toposes as
built from sites and elementary toposes as built from triposes.
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Towards relative
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Towards relative geometric logic

The geometric approach to relative toposes which we have
developed so far has a logical counterpart, which we may call
relative geometric logic.

In its classical formulation, geometric logic does not have
parameters embedded in its formalism; still, it is possible to
introduce them without changing its degree of expressivity.

In a relative setting, parameters are fundamental if one wants to
reason geometrically and use fibrational techniques. In fact, the
semantics of stacks involves parameters in an essential way.

It turns out that the logical framework corresponding to relative
toposes is a kind of fibrational, higher-order parametric logic in
which it is possible to express a great number of higher-order
constructions by using the parameters belonging to the base
topos.
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e The classical formulation of first-order logic by model
theorists does not allow for a natural treatment of
parameters, meaning sorts whose interpretation is fixed. So,
for instance, while the notion of module over a variable ring
can be very easily axiomatized, in order to formalize the
notion of a R-module for a fixed ring R, one needs to
introduce a function symbol f. for each element r of R and
axioms governing the relations between these symbols.

® To correct this asymmetry and lack of continuity between
parameters and sorts, we have proved (with Raffaele
Lamagna) a result showing that the syntax of ordinary
geometric logic can be naturally extended through the
introduction of constant sorts (i.e. sorts whose interpretation
in any model is fixed rather than variable). Any theory in the
extended signature can be shown to be Morita-equivalent,
via a method of ‘elimination of parameters’, to a theory in the
original signature.
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Fibrations of theories

Olivia Caramello * From a geometrical point of view, any theory with a variable
sort of ‘type R’ can be seen as a fibration of theories over the
classifying topos for ‘R-structures’, each of which
corresponding to a particular value of the parameter.

® Via this interpretation, turning a variable sort into a constant

one corresponds to taking the fiber corresponding to that
parameter, which is given by a fiber product of toposes.

For example, let M be the theory of (left) modules over a variable
(commutative) ring, and let R be the theory of (commutative) rings.
Then the classifying topos Set[M] is fibered over the classifying
topos Set[R] of R, and the fiber at a ring R internally to a topos €&,
that is the theory Mg of R-modules (considered as a theory relative
to £), is given by the fibered product

£[Ma] — Set[M]

[
& —F . set[R]

where "R is the morphism corresponding to the ring R via the

universal property of the classifying topos Set[R].
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Future directions

Future developments

We plan to introduce a general stack semantics for ‘automatically’
transposing results from the absolute to the relative setting.

In particular, we intend to use this semantics to canonically obtain
relative versions, formulated in the language of indexed
categories and stacks, of the ordinary notions of limit and colimit,
adjunction and Kan extension, separating set, filteredness and
flatness, denseness conditions etc.

Among the main results that we expect to obtain there are:
- arelative version of Giraud’s theorem (with Léo Bartoli);

- atheory of classifying toposes of (higher-order) relative
geometric theories (with Raffaele Lamagna).
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For further reading

¥ O. Caramello,

Denseness conditions, morphisms and equivalences of
foposes,
arxiv:math.CT/1906.08737v3 (2020).

O. Caramello and R. Zanfa,
Relative topos theory via stacks,
arxiv:math.AG/2107.04417v1 (2021).

L. Bartoli and O. Caramello,
On morphisms of relative toposes,
arxiv:math.AG/2310.20691 (2023).

O. Caramello
Fibred sites and existential toposes,
arxiv:math.AG/2212.11693 (2022).

O. Caramello

Theories, Sites, Toposes: Relating and studying mathematical
theories through topos-theoretic ‘bridges’,

Oxford University Press (2017).
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